
One-ended subforests and whatnot
Part 4

let h be a hoc
.

fin
. aperiodic E- every component is infinite) pmp graph on

a standard probability space H,M .

④ Matt presented . If his hyperfinite and nowhere two - ended
,

then 4 admits
a Borel a. e. one -ended spanning sub forest Fsh with Ea=E,= .

(2)Jenna presented .
If h has superquadratic growth (Fe > 0kxc-XV-rc.IN/BIlx)IzcF)

,
then G admits a Boel a.e. one - ended sub forest .

These two cases cover all loc . fin . pmp graphs that are nowhere two ended;
in other words

, hyper finite U superguadratic = all . Why ?

(3) kaimauiuich- Elek
.

Not d- hyperfinite <⇒ 3- pos . -measured Borel B et . 9161,31>0 .
local - global bridge lpmp)

(4) Jenna presented . 41h) > 0 76 has exponential growth , in
fact HI c-✗ tr

,
IBilx) / 711+4611!

Recall
.
The isoperimetric constant of h is

6 (G) := int MOAI positively measured
AEX it (A)

"

Borel

where 0A := { ✗ C- XIA : ✗ G A} at A ranges over
✓
finite - component

sets for 4
,
i. e. HIA is component - finite .

Main theorem ( about pmp one- ended subforest . let h be a loc
.

tin
. aperiodic pup

graph . If h in nowhere 2-ended
,
then 4 admits a Bird a. e. 1-ended

spauuiy
sub forest

.

And the converse is also true .



Proof
. By Zora's lemma f- measure exhaustion) , we get a maximal collection B
of pairwise disjoint pos .

- measured Borel sets B sit
. 4141,3) > 0 .

B is ctbl hearse then , hence B- := IV B)
Ea

is Borel .
A ✗ 115 is invariant at Gla is hgpertiite by (3)⇒ .

By Matt 's talk
, Ha admits a Borel a. e. one - ended sp. afforest .

By Tiana's : b- BE B
, GIB admits→ hence GI admits

UB
it too ( just take the union over all B c-B)

.

Claim
.
If h admits a Ole - end sp . severest on a

set

CEX then 4 admits it on [c) Eu .

Proof
.

For each ✗ C- [ihc take lex - least path ( using
a ctbl Borel edge - coloring , by Feldman- Moore )
to the set C. These paths term a forest F ' ou kN

.

let F be a one - ended sp. sub forest on C
.

Then

we show that F' VF is still a one- ended sub forest
.

Enough to show tht each connected component of F' is
finite . [c) But Epi is smooth at smooth pup

equivalence relations are finite
.MY 'iH

• "

¥
• • • •

C

lemma . If E is a smooth ctbl Borel eq.net . hit pmp then
it's finite

.

Proof
.
let SEX be a transfer seal for E

,
i. e. a Beret at

that meets each E-class at exactly one point.
suppose tht sue E-dunes are infinite ; restricting to this set

,



:

Tds)✗
. . .

-
. .

⇒
←E. danes

we may assume tht every E- clan is infinite . Then
,

the Latin- Novikov uniformitarian the area (equivalently , Feldman-
Moore) gives Borel injections Tn :S ↳✗ with graph (E) a- E
such tht To -_ ids and ✗ = WITH - disjoint union .

HEIN
Then

1- =M×)=EMTnls )) = INS) - a.Ns)
.

P. new Mp . HEIN

a contradiction .


